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Abstract
We construct a colored operad whose category of algebras is the category of algebraic quantum
field theories. This is achieved by a construction that depends on the choice of a category,
whose objects provide the operad colors, equipped with an additional structure that we call
an orthogonality relation. This allows us to describe different types of quantum field theories,
including theories on a fixed Lorentzian manifold, locally covariant theories and also chiral
conformal and Euclidean theories. Moreover, because the colored operad depends functorially
on the orthogonal category, we obtain adjunctions between categories of different types of
quantum field theories. These include novel and interesting constructions, such as time-
slicification and local-to-global extensions of quantum field theories. We compare the latter
to Fredenhagen’s universal algebra.
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1 Introduction and summary
Algebraic quantum field theory [HK64] is a conceptually clear axiomatic framework to define and
investigate quantum field theories on Lorentzian spacetimes from a model-independent perspec-
tive. Combining the core principles of quantum theory and relativity, it describes a quantum
field theory on a spacetime M in terms of a coherent assignment M ⊇ U 7→ A(U) of associative
and unital algebras to suitable spacetime regions. A(U) is interpreted as the algebra of quantum
observables of the theory that can be measured in the region U ⊆ M . Given two spacetime
regions U and V such that U ⊆ V ⊆ M , there is an algebra homomorphism A(U) → A(V )
mapping observables in the smaller region U to the bigger region V . These maps are required
to be coherent in the sense that A is a pre-cosheaf. Given two causally disjoint regions U1 and
U2 of some V ⊆M , i.e. no causal curve in V links U1 and U2, the elements of A(U1) and A(U2)
are required to commute within A(V ). This crucial property is called the Einstein causality ax-
iom and it formalizes the physical principle that information cannot propagate faster than the
speed of light. The traditional framework [HK64] of algebraic quantum field theory on a fixed
Lorentzian spacetime M may be generalized and adapted in order to capture also other flavors of
quantum field theory. For example, one may also consider the category of all (globally hyperbolic)
Lorentzian manifolds Loc, which leads to the concept of locally covariant quantum field theory
[BFV03, FV15]. Moreover, there exist algebraic approaches to chiral conformal quantum field
theory [Kaw15, Reh15, BDH15] and Euclidean quantum field theory [Sch99], where Lorentzian
spacetimes are replaced respectively by intervals in the circle S1 or by Riemannian manifolds.
The Einstein causality axiom is modified in such scenarios to the requirement that observables
associated to disjoint regions U1 ∩ U2 = ∅ commute.
From a more abstract point of view, one observes that all these flavors of algebraic quantum
field theory have the following common features: There is a category C describing the “space-
times” of interest. In this category there exists a distinguished subset ⊥ ⊆ MorC t× tMorC,
which we call an orthogonality relation (cf. Definition 3.4), that is formed by certain pairs of
morphisms c1
f1
−→ c
f2
←− c2 with the same target. For Lorentzian theories ⊥ is characterized by
causal disjointness and for chiral conformal or Euclidean theories by disjointness. We call the pair
C := (C,⊥) consisting of a category C and an orthogonality relation ⊥ an orthogonal category.
The role of the orthogonal category C is thus to specify the flavor or type of quantum field theory
one would like to study. A quantum field theory on C is then described by a functor A : C→ Alg
to the category of associative and unital algebras, which satisfies the ⊥-commutativity axiom: For
every (f1, f2) ∈⊥, the induced commutator[
A(f1)(−),A(f2)(−)
]
A(c)
: A(c1)⊗ A(c2) −→ A(c) (1.1)
is equal to the zero map. Hence, the category of quantum field theories onC is the full subcategory
of the functor category AlgC consisting of all functors satisfying the ⊥-commutativity axiom.
The aim of this paper is to develop a more elegant and powerful description of the category
of all quantum field theories on C by using techniques from operad theory. Loosely speaking,
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operads are mathematical structures that encode n-ary operations and their composition prop-
erties on an abstract level. We shall construct, for each orthogonal category C = (C,⊥), a
colored operad O
C
whose category of algebras AlgO
C
is the category of quantum field theories
on C. Hence, we succeed in identifying and extracting the abstract algebraic structures under-
lying algebraic quantum field theory. It is worth emphasizing very clearly the key advantage
of our novel operadic perspective in comparison to the traditional perspective: In the functor
approach, ⊥-commutativity is a property that a functor A : C → Alg may or may not satisfy.
In contrast to that, in our operadic approach every algebra over the colored operad OC satisfies
the ⊥-commutativity axiom because it is part of the structure that is encoded in the operad OC.
Below we shall comment more on the crucial difference between property and structure and on
the resulting advantages of our operadic approach to algebraic quantum field theory.
We will also prove that the assignment C 7→ OC of our colored operad to an orthogonal
category is functorial. This means that for every orthogonal functor F : C → D, i.e. a functor
preserving the orthogonality relations, there is an associated colored operad morphism OF :
OC → OD. This morphism induces an adjunction
OF ! : AlgO
C
//
AlgO
D
: O∗Foo (1.2)
between the corresponding categories of algebras, which allows us to relate the quantum field
theories on C to those on D. Hence, our operadic approach not only provides us with powerful
tools to describe the categories of quantum field theories of a fixed kind, but also introduces
novel techniques to connect and compare different types of theories. We will show that these
adjunctions include some novel and interesting constructions. For example: (1) Using localiza-
tions of orthogonal categories, we obtain adjunctions that should be interpreted physically as
time-slicification. This means that we can assign to theories that do not necessarily satisfy the
time-slice axiom – a kind of dynamical law in Lorentzian quantum field theories – theories that
do. (2) Using full orthogonal subcategory embeddings j : C→ D, where D are the “spacetimes”
of interest and C particularly “nice spacetimes” in D, we obtain an adjunction that should
be interpreted physically as a local-to-global extension of quantum field theories from C to D.
In spirit, this is similar to Fredenhagen’s universal algebra construction [Fre90, Fre93, FRS92],
which is formalized as a left Kan extension of the functor underlying a quantum field theory
[Lan14]. There is however one major difference: Left Kan extensions in general do not preserve
the ⊥-commutativity property of a functor, i.e. it is a priori unclear whether the prescription of
[Fre90, Fre93, FRS92, Lan14] succeeds in defining a quantum field theory on D. In stark con-
trast to that, our operadic version of the local-to-global extension does always define quantum
field theories on D because the ⊥-commutativity axiom is encoded as a structure in our colored
operad. We will study this particularly important example of an adjunction in detail and hope
that it convinces the reader that our operadic framework is very useful for applications.
Our original motivation for developing an operadic approach to algebraic quantum field theory
came from homotopical algebraic quantum field theory [BSS15, BS17, BSS17]. This is a longer-
term research program of two of us (M.B. and A.S.), whose goal is to combine algebraic quantum
field theory with techniques from homotopical algebra in order to capture the crucial higher
categorical structures that are present in quantum gauge theories. While studying toy-models
of such theories in [BS17], we observed that both the functorial structure and ⊥-commutativity
are in general only realized up to homotopy in homotopical algebraic quantum field theory.
Combining our operadic approach of the present paper with homotopical algebra provides a
precise framework to describe algebraic quantum field theories up to coherent homotopies. This
has been now achieved in our follow-up paper [BSW18b] and by Yau in [Yau18].
We would like to comment briefly on the relationship between our approach and factorization
algebras [CG17]. From a superficial point of view, the two frameworks appear very similar as
they both employ colored operads to encode the algebraic structures underlying quantum field
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theories. However, the factorization algebra operad is quite different from our family of colored
operads OC as it captures only the multiplication of those observables that are localized in disjoint
spacetime regions. It is presently unclear to us if there is a way to relate factorization algebras and
algebraic quantum field theory, for example by establishing maps between the relevant colored
operads. We hope to come back to this point in a future work.
The outline of the remainder of this paper is as follows: In Section 2 we briefly recall some
definitions and constructions from the theory of colored operads and their algebras. In Section 3
we construct and study our family of colored operads OC, where C is an orthogonal category. In
particular, we provide two different constructions of OC, a direct definition and a presentation
by generators and relations. We then prove that the category AlgO
C
of algebras over OC is the
category of quantum field theories on C. We shall also provide concrete examples of orthogonal
categories C that are relevant for algebraic quantum field theory. In Section 4 we study in detail
the properties of the adjunctions (1.2) that are induced by orthogonal functors F : C → D.
We show that these include interesting constructions such as time-slicification and local-to-global
extensions. In Section 5 we compare our operadic local-to-global extension to Fredenhagen’s
universal algebra construction, which is given by left Kan extension of the functor underlying a
quantum field theory. The general result is that, whenever the left Kan extension yields a ⊥-
commutative functor, then it coincides with our operadic construction. We shall provide examples
when this is the case, but also counterexamples for which Fredenhagen’s construction yields a
functor that is not ⊥-commutative.
2 Preliminaries
In this section we briefly recall the necessary aspects of the theory of colored operads and their
algebras. All colored operads in this paper will be Set-valued, however we consider operad
algebras with values in any bicomplete closed symmetric monoidal category M. A detailed
presentation of the theory of colored operads can be found in [WY18, Yau16, BM07, GJ17], see
also [LV12, Fre17, Rez96] for the uncolored case C = {∗}.
2.1 Colored operads
Definition 2.1. A colored operad O consists of the following data:
a) a set of colors C,
b) for all t ∈ C, n ≥ 0, c := (c1, . . . , cn) ∈ C
n, a set of operations O
(
t
c
)
,
c) for all t ∈ C, n ≥ 0, c ∈ Cn, σ ∈ Σn, a map O(σ) : O
(
t
c
)
→ O
(
t
cσ
)
, where Σn denotes the
permutation group on n letters and cσ := (cσ(1), . . . , cσ(n)),
d) for all t ∈ C, m ≥ 1, a ∈ Cm, ki ≥ 0, bi ∈ C
ki , for i = 1, . . . ,m, a composition map
γ : O
(
t
a
)
×
∏m
i=1O
(ai
bi
)
→ O
(
t
(b1,...,bm)
)
,
e) for all t ∈ C, a unit element 1 ∈ O
(
t
t
)
.
These data are subject to the obvious permutation action, equivariance, associativity and unitality
axioms, see e.g. [Yau16, Definition 11.2.1]. A morphism of colored operads φ : O → P consists of
a) a map of the underlying sets of colors φ˜ : C→ D,
b) for all t ∈ C, n ≥ 0, c ∈ Cn, a map φ : O
(
t
c
)
→ P
(φ˜(t)
φ˜(c)
)
, where φ˜(c) := (φ˜(c1), . . . , φ˜(cn)),
such that the permutation actions, compositions and units are preserved. We denote by Op the
category of colored operads and by OpC the category of colored operads over a fixed non-empty
set of colors C (also called C-colored operads), with morphisms acting as the identity on colors.
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Example 2.2. The simplest example of an uncolored operad, i.e. C = {∗} is a singleton, is the
commutative operad Com ∈ Op. The operations in arity n are given by a singleton Com(n) := {∗},
for all n ≥ 0. This already determines the operad structure. The single operation in Com(n)
corresponds to the unique way of multiplying n elements of a commutative, associative and unital
algebra, cf. Example 2.7 below.
Another basic example of an uncolored operad is the associative operad As ∈ Op. For n ≥ 0,
its set of n-ary operations As(n) := Σn is given by the permutations on n letters. Each operation
corresponds to one of the Σn-many (a priori different) ways of multiplying n elements of an
associative and unital algebra, cf. Example 2.7 below. The Σn-action on As(n) is given by the
right action of Σn on itself. For m ≥ 1 and ki ≥ 0, for i = 1, . . . ,m, the composition
σ(σ1, . . . , σn) := σ〈kσ−1(1), . . . , kσ−1(m)〉 (σ1 ⊕ · · · ⊕ σm) (2.1)
of σ ∈ As(m) with σi ∈ As(ki), for i = 1, . . . ,m, is the group multiplication in Σk1+···+km of the
block permutation σ〈kσ−1(1), . . . , kσ−1(m)〉 induced by σ and the sum permutation σ1 ⊕ · · · ⊕ σm
induced by the σi. The unit e ∈ As(1) is the unique element of Σ1. The combinatorics of
permutations implies the equivariance, associativity and unitality axioms, i.e. As is an operad. ▽
Forgetting the permutation action, composition and unit in Definition 2.1, one obtains the
category of colored (non-symmetric) sequences Seq and the categories SeqC of colored sequences
over a fixed non-empty set of colors C (also called C-colored sequences). We have an evident
forgetful functor U : OpC → SeqC.
Theorem 2.3. Let C be a non-empty set of colors. There exists an adjunction
F : SeqC
//
OpC : U .oo (2.2)
The left adjoint F : SeqC → OpC is called the free C-colored operad functor.
We do not have to provide a model of the free C-colored operad functor as existence is sufficient
for our work. Explicit (equivalent) models can be found in [BM07, Rez96, WY18].
The category SeqC is obviously complete and cocomplete. By [PS18, Theorem 3.8], the same
is true for the category OpC.
Proposition 2.4. The category OpC is complete and cocomplete. Moreover, the forgetful functor
U : OpC → SeqC creates all small limits, filtered colimits and reflexive coequalizers.
Remark 2.5. We will later construct C-colored operads from generators and relations. This is
possible due to the free C-colored operad functor and existence of coequalizers in OpC. Let us
illustrate this construction: Given X ∈ SeqC, consider the free C-colored operad F (X) ∈ OpC.
Relations in F (X) are implemented via a pair of parallel SeqC(M)-morphisms r1, r2 : R⇒ F (X).
(We suppress here and in the following the forgetful functor U : OpC → SeqC from our notation.)
The adjunction in Theorem 2.3 defines a pair of parallel OpC-morphisms r1, r2 : F (R) ⇒ F (X)
(still denoted by the same symbols), whose coequalizer is the C-colored operad generated by
X ∈ SeqC subject to the relations r1, r2 : R⇒ F (X). △
2.2 Algebras over colored operads
Algebras over a colored operad O should be interpreted as concrete realizations of the abstract
operations encoded by O. For the definition, let us fix once and for all a bicomplete closed
symmetric monoidal category M. The symmetric monoidal structure of M will be denoted by
(⊗, I, τ), where ⊗ :M ×M →M is the monoidal product, I ∈M the monoidal unit and τ the
symmetric braiding. Because M is by assumption bicomplete, it is tensored and cotensored over
Set. With a slight abuse of notation, we shall denote the Set-tensoring by S ⊗m :=
∐
s∈Sm,
for all S ∈ Set and m ∈ M. Relevant examples are the category of sets Set (with Cartesian
product) and the category of K-vector spaces VecK (with the usual tensor product).
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Definition 2.6. Let O be a C-colored operad. An algebra A over O with values in M (or briefly,
an O-algebra in M) consists of the following data:
a) for all t ∈ C, an object At ∈M,
b) for all t ∈ C, n ≥ 0, c ∈ Cn, an M-morphism α : O
(
t
c
)
⊗ Ac → At (called O-action), where
Ac :=
⊗n
i=1Aci . We write α(o) : Ac → At for the component of α at o ∈ O
(
t
c
)
.
These data are subject to the obvious equivariance, associativity and unitality axioms with respect
to the permutation action, composition and unit of O, see e.g. [Yau16, Definition 13.2.3]. A
morphism of O-algebras κ : A → B consists of a family of M-morphisms κ : At → Bt, for all
t ∈ C, which is compatible with the O-actions, i.e. καA = αB (id ⊗
⊗n
i=1 κ). We denote the
category of O-algebras in M by AlgO(M).
Example 2.7. With reference to Example 2.2, we note that AlgCom(M) = CAlg(M) is the
category of commutative, associative and unital algebras in M and that AlgAs(M) = Alg(M) is
the category of associative and unital algebras in M. ▽
Let us recall some relevant categorical properties of AlgO(M), for O ∈ OpC any C-colored
operad. Denoting by MC the category of functors from C (seen as a discrete category) to M,
there is an evident functor UO : AlgO(M)→M
C which forgets the O-action. This functor has a
left adjoint, which may be computed in terms of coends, see e.g. [Lor15, MacL98] for a detailed
discussion of (co)ends and also [FS16] for their applications to quantum field theory.
Theorem 2.8. Let O be a C-colored operad. There exists an adjunction
FO : M
C // AlgO(M) : UO .oo (2.3)
Explicitly, for X ∈MC, the free O-algebra FO(X) consists of the following data:
• for all t ∈ C, the M-object
FO(X)t :=
∫ a∈ΣC
O
(
t
a
)
⊗Xa (2.4)
defined by the coend over the permutation groupoid1 ΣC of the set of colors C,
• for all t ∈ C, n ≥ 0, c ∈ Cn, the M-morphism
γX : O
(
t
c
)
⊗ FO(X)c −→ FO(X)t (2.5)
induced by the composition γ of O and the universal property coends.
The unit 1X : X → FO(X) of the adjunction is defined by the unit 1 of O and the counit
α : FO(A)→ A is given by the O-action of A ∈ AlgO(M).
The following statement is proven in [WY18, Proposition 4.2.1], see also [Fre17, Proposition
1.3.6] for a more concrete proof for the case of uncolored operads, which generalizes to colored
operads in a straightforward way.
Proposition 2.9. Let O be a C-colored operad. The category AlgO(M) is complete and co-
complete. Moreover, the forgetful functor UO : AlgO(M) →M
C creates all small limits, filtered
colimits and coequalizers which are reflexive in the category MC.
1The objects of ΣC are all tuples c = (c1, . . . , cn) of colors (of arbitrary finite length n ≥ 0) and the morphisms
are all right permutations σ : c→ cσ.
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Given any Op-morphism φ : O → P, with underlying map of sets of colors denoted by
φ˜ : C→ D, there exists a pullback functor of algebras
φ∗ : AlgP(M) −→ AlgO(M) . (2.6)
Concretely, for a P-algebra B ∈ AlgP(M), define the O-algebra φ
∗(B) ∈ AlgO(M) by φ
∗(B)t :=
B
φ˜(t)
∈M, for all t ∈ C, and O-action αφ
∗(B) given by the composition of
O
(
t
c
)
⊗B
φ˜(c)
φ⊗id
// P
(φ˜(t)
φ˜(c)
)
⊗B
φ˜(c)
αB // B
φ˜(t)
, (2.7)
for all t ∈ C, n ≥ 0 and c ∈ Cn.
Theorem 2.10. For any Op-morphism φ : O → P, there exists an adjunction
φ! : AlgO(M)
//
AlgP(M) : φ
∗ .oo (2.8)
Proof. This is an application of the Adjoint Lifting Theorem, see e.g. [Bor94b, Chapter 4.5].
Concretely, we have the following diagram of categories and functors
AlgO(M)
UO

AlgP(M)
φ∗
oo
UP

MC
FO
OO
φ˜! //
MD
φ˜∗
oo
FP
OO
(2.9)
The vertical adjunctions have been established in Theorem 2.8. The bottom horizontal adjunction
is given by pullback φ˜∗ :MD →MC and left Kan extension φ˜! :M
C →MD along the underlying
map of sets of colors φ˜ : C → D. By definition of the pullback functor (2.6), one has UO φ
∗ =
φ˜∗ UP , hence the desired left adjoint φ! exists by [Bor94b, Theorem 4.5.6].
The proof of the adjoint lifting theorem in [Bor94b, Chapter 4.5] provides an explicit construc-
tion of φ!(A) ∈ AlgP(M) in terms of a reflexive coequalizer, for any A ∈ AlgO(M). Suppressing
again all forgetful functors, the relevant pair of parallel morphisms in AlgP(M) is of the form
FP φ˜! FO(A)
∂0 //
∂1
// FP φ˜!(A) , (2.10)
where ∂0 and ∂1 are described as follows. The AlgP(M)-morphism ∂0 is defined by the counit
α : FO(A)→ A of the adjunction FO ⊣ UO (cf. Theorem 2.8), i.e.
FP φ˜! FO(A)
∂0 :=FP φ˜!(α)
// FP φ˜!(A) . (2.11)
The AlgP(M)-morphism ∂1 is defined by the units and counits of the adjunctions in (2.9) via
FP φ˜! FO(A)
unit of φ˜! ⊣ φ˜
∗

∂1 // FP φ˜!(A)
FP φ˜! FO φ˜
∗ φ˜!(A)
unit of FP ⊣ UP

FP FP φ˜!(A)
counit of FP ⊣ UP
OO
FP φ˜! FO φ˜
∗ FP φ˜!(A) counit of FO ⊣ UO
// FP φ˜! φ˜
∗ FP φ˜!(A)
counit of φ˜! ⊣ φ˜
∗
OO
(2.12)
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Notice that (2.10) is reflexive with reflector defined by the unit 1A : A→ FO(A) of FO ⊣ UO (cf.
Theorem 2.8), i.e.
FP φ˜!(A)
FP φ˜!(1A)
// FP φ˜! FO(A) . (2.13)
Proposition 2.9 implies that the colimit of the reflexive pair of parallel morphisms (2.10) is created
by the forgetful functor. Summing up, we obtain
Proposition 2.11. The left adjoint functor φ! of Theorem 2.10 maps an O-algebra A ∈ AlgO(M)
to the P-algebra given by the reflexive coequalizer
φ!(A) = colim
(
FP φ˜! FO(A)
∂0 //
∂1
// FP φ˜!(A)
)
(2.14)
in AlgP(M), where ∂0 and ∂1 are given in (2.11) and (2.12), and the reflector is (2.13).
Remark 2.12. Forming the pullback functor according to (2.6) preserves identities and com-
positions, i.e. id∗O = idAlgO(M) and (ψ φ)
∗ = φ∗ ψ∗, for all O ∈ Op and all Op-morphisms
φ : O → P and ψ : P → Q. Hence, from uniqueness (up to a unique natural isomorphism) of
adjoint functors, we obtain also natural isomorphisms idO ! ∼= idAlgO(M) and (ψ φ)!
∼= ψ! φ!. △
Remark 2.13. We record for later use that the pullback functor φ∗ : AlgP(M) → AlgO(M)
along any Op-morphism φ : O → P preserves reflexive coequalizers: Let us denote by C ∈
AlgP(M) the coequalizer for a reflexive pair of parallel AlgP(M)-morphisms A ⇒ B. By
Proposition 2.9, φ∗(C) is a reflexive coequalizer for φ∗(A) ⇒ φ∗(B) in AlgO(M) if and only if
UO φ
∗(C) is a reflexive coequalizer for UO φ
∗(A) ⇒ UO φ
∗(B) in MC. Using also UO φ
∗ = φ˜∗ UP
and that UP preserves reflexive coequalizers (cf. Proposition 2.9), our claim follows from the fact
that φ˜∗ :MD →MC preserves colimits because it has a right adjoint given by right Kan extension
along the underlying map of sets of colors φ˜ : C→ D. △
3 Quantum field theory operads
The aim of this section is to construct colored operads whose algebras describe quantum field
theories. Abstractly, we assign to any small category C with orthogonality relation ⊥ (cf. Defini-
tion 3.4 below) a colored operad that is inspired by the structures underlying algebraic quantum
field theory. The category C should be interpreted as the category of “spacetimes” of interest,
and the orthogonality relation ⊥ encodes the commutative behavior of certain observables. Our
construction is very flexible and in particular it reveals an operadic structure underlying various
kinds of quantum field theories, including Haag-Kastler theories on Minkowski spacetime [HK64],
locally covariant theories on all Lorentzian spacetimes [BFV03, FV15], chiral conformal theories
[Kaw15, Reh15, BDH15] and also Euclidean theories [Sch99]. Each of these models is obtained
by a different choice of category C and orthogonality relation ⊥, however the operadic structure
is formally the same.
3.1 Motivation
Let M be a bicomplete closed symmetric monoidal category and C a small category, which
we interpret as the category of spacetimes of interest. The basic idea of algebraic quantum
field theory is to assign coherently to each spacetime c ∈ C an associative and unital algebra
A(c) ∈ Alg(M) in M (cf. Example 2.7), i.e. we consider a functor
A : C −→ Alg(M) . (3.1)
The algebra A(c) is interpreted as the “algebra of quantum observables” that can be measured
in the spacetime c ∈ C. The algebra morphism A(f) : A(c) → A(c′) is the pushforward of
observables along the C-morphism f : c→ c′ which is interpreted as a spacetime embedding.
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Remark 3.1. For applications to physics, it is often necessary to consider associative and unital
∗-algebras over the complex numbers C. We however decided to ignore in the present paper the
concept of ∗-involutions, because this makes our presentation of the operadic structure underlying
algebraic quantum field theories more transparent. Using the technically more involved concept
of involutive categories as target categories, one can generalize the results of the present paper to
the case including ∗-involutions. We refer to our follow-up paper [BSW18a] where this has been
carried out in detail. △
It is crucial to demand that the functor A satisfies a collection of physically motivated axioms.
Inspired by the time-slice axiom in Lorentzian theories [HK64, BFV03, FV15], we propose the
following formalization and generalization.
Definition 3.2. Let W ⊆ MorC be a subset of the set of morphisms in C. A functor A : C→
Alg(M) is called W -constant if it sends every morphism f : c → c′ in W to an isomorphism
A(f) : A(c)
∼=
−→ A(c′) in Alg(M).
Remark 3.3. Our notion of W -constancy is similar to and generalizes the concept of local
constancy of factorization algebras [CG17]. This motivates our choice of terminology. △
By [Bor94a, Proposition 5.2.2], the localization C[W−1] of the small category C at W exists
as a small category. Hence, we may equivalently describe W -constant functors as functors A :
C[W−1]→ Alg(M) on the localized category. This means that the W -constancy axiom may be
implemented formally by choosing C[W−1] instead of C as the underlying category.
Another important property of quantum field theories is that certain pairs of observables
behave commutatively. For example, in Lorentzian theories [HK64, BFV03, FV15] any two
observables which are localized in spacelike separated regions commute with each other. Similarly,
in Euclidean [Sch99] and chiral conformal [Kaw15, Reh15, BDH15] theories any two observables
localized in disjoint regions commute. We propose the following formalization and generalization
of this concept: Let us denote by MorC t×tMorC the set of pairs of C-morphisms whose targets
coincide. Its elements (f1, f2) may be visualized as C-diagrams of the form c1
f1
−→ c
f2
←− c2.
Definition 3.4. Let C be a small category. An orthogonality relation ⊥ on C is a subset
⊥ ⊆ MorC t×tMorC satisfying the following properties:
(1) Symmetry: (f1, f2) ∈ ⊥ =⇒ (f2, f1) ∈ ⊥.
(2) Stability under post-composition: (f1, f2) ∈ ⊥ =⇒ (g f1, g f2) ∈ ⊥, for all composable
C-morphisms g.
(3) Stability under pre-composition: (f1, f2) ∈ ⊥ =⇒ (f1 h1, f2 h2) ∈ ⊥, for all composable
C-morphisms h1 and h2.
We call elements (f1, f2) ∈ ⊥ orthogonal pairs and write also f1 ⊥ f2. A pair C := (C,⊥)
consisting of a small category and an orthogonality relation is called an orthogonal category. A
morphism F : C = (C,⊥C) → D = (D,⊥D) of orthogonal categories is a functor F : C → D
that preserves the orthogonality relations, i.e. f1 ⊥C f2 =⇒ F (f1) ⊥D F (f2). We call such
morphisms orthogonal functors and denote by OrthCat the category of orthogonal categories.
Definition 3.5. Let C = (C,⊥) be an orthogonal category.
a) A functor A : C → Alg(M) is called ⊥-commutative over c ∈ C if for every f1 ⊥ f2 with
target c the diagram
A(c1)⊗ A(c2)
A(f1)⊗A(f2)

A(f1)⊗A(f2)
// A(c)⊗ A(c)
µ
op
c

A(c) ⊗ A(c)
µc
// A(c)
(3.2)
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in M commutes. Here µc denotes the multiplication on A(c) and µ
op
c := µc τ the opposite
multiplication on A(c), with τ the symmetric braiding of M.
b) A functor A : C → Alg(M) is called ⊥-commutative if it is ⊥-commutative over every
c ∈ C.
c) The full subcategory of the functor category Alg(M)C whose objects are all ⊥-commutative
functors is denoted by Alg(M)C. There exists a fully faithful forgetful functor
U : Alg(M)C −→ Alg(M)C , (3.3)
which forgets ⊥-commutativity.
Notice that, in contrast to W -constancy, ⊥-commutativity can not be implemented easily
by adjusting the categories C and Alg(M): It imposes a non-trivial condition on functors A :
C→ Alg(M) that relates orthogonal pairs of morphisms f1 ⊥ f2 in C to a certain commutative
behavior of the algebraic structures on the objects of M underlying A. The colored operads
we develop in this section solve this problem in the sense that they allow us to encode ⊥-
commutativity as part of the structure instead of enforcing it as a property. This is very useful
for the study of universal constructions for quantum field theories, see Sections 4 and 5.
3.2 Definition and properties
We assign to each orthogonal category C = (C,⊥) (cf. Definition 3.4) a colored operad OC ∈ Op
inspired by the algebraic structures underlying quantum field theories. For this we first construct
an auxiliary colored operad OC ∈ Op, neglecting the orthogonality relation, and then define
OC ∈ Op in terms of an equivalence relation determined by ⊥. The auxiliary colored operad OC
governs C-diagrams of associative and unital algebras, see Remark 3.17 below. For its definition,
recall the associative operad As ∈ Op from Example 2.2.
Definition 3.6. Let C be a small category. The colored operad OC ∈ Op consists of the
following data:
a) the set of colors C0 is the set of objects of C,
b) for all t ∈ C0, n ≥ 0, c ∈ C
n
0 , the set of operations is OC
(
t
c
)
:= As(n) × C(c, t), where
C(c, t) :=
∏n
i=1C(ci, t), whose elements are denoted by (σ, f) := (σ, (f1, . . . , fn)) ∈ OC
(
t
c
)
,
c) for all t ∈ C0, n ≥ 0, c ∈ C
n
0 , σ
′ ∈ Σn, the map
OC(σ
′) : OC
(
t
c
)
−→ OC
(
t
cσ′
)
, (σ, f) 7−→
(
σσ′, fσ′
)
, (3.4)
where we use the permutation action of As and define fσ′ := (fσ′(1), . . . , fσ′(n)),
d) for all t ∈ C0, m ≥ 1, a ∈ C
m
0 , ki ≥ 0, bi ∈ C
ki
0 , for i = 1, . . . ,m, the composition map
γ : OC
(
t
a
)
×
m∏
i=1
OC
(ai
bi
)
−→ OC
(
t
(b1,...,bm)
)
,(
(σ, f),
(
(σ1, g1), . . . , (σm, gm)
))
7−→
(
σ(σ1, . . . , σm), f(g1, . . . , gm)
)
, (3.5)
where we use the composition of As and define
f(g
1
, . . . , g
m
) :=
(
f1 g11, . . . , f1 g1k1 , . . . , fm gm1, . . . , fm gmkm
)
(3.6)
by composition in the category C,
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e) for all t ∈ C0, the unit (e, idt) ∈ OC
(
t
t
)
, where we use the unit of As and the identity
morphism idt ∈ C(t, t).
Remark 3.7. The operad OC has a natural physical interpretation coming from algebraic quan-
tum field theory. We may graphically visualize an element (σ, f ) ∈ OC
(
t
c
)
by
t
· · ·
tnσ−1
tn
· · ·
σ
c
f1 fn
(3.7)
This picture should be read from bottom to top and it should be understood as the following
3-step operation in algebraic quantum field theory. (1) Apply the morphisms f to observables on
c = (c1, . . . , cn); (2) Permute the resulting observables on t
n by acting with σ−1 from the right;
(3) Multiply the resulting observables on tnσ−1 according to the order in which they appear.
Concretely, given observables Φi on ci, for i = 1, . . . , n, the 3-step operation formally looks like
Φ1 ⊗ · · · ⊗ Φn
(1)
7−→ f1(Φ1)⊗ · · · ⊗ fn(Φn)
(2)
7−→ fσ−1(1)(Φσ−1(1))⊗ · · · ⊗ fσ−1(n)(Φσ−1(n))
(3)
7−→ fσ−1(1)(Φσ−1(1)) · · · fσ−1(n)(Φσ−1(n)) . (3.8)
The operad structure on OC presented in Definition 3.6 captures how such 3-step operations in
algebraic quantum field theory compose. △
The colored operad OC from Definition 3.6 does not encode the orthogonality relation ⊥ on
the category C yet. We impose relations on OC that are inspired by the ⊥-commutativity axiom
(cf. Definition 3.5) and our quantum field theoretic interpretation given in (3.8).
Definition 3.8. Let C = (C,⊥) be an orthogonal category. We define a C0-colored sequence
R⊥ ∈ SeqC0 by setting, for all t ∈ C0, n ≥ 0, c ∈ C
n
0 ,
R⊥
(
t
c
)
:=
{
⊥ ∩C(c, t) , if n = 2 ,
∅ , else .
(3.9)
We further define a pair of parallel SeqC0-morphisms s⊥,1, s⊥,2 : R⊥ ⇒ OC by setting
s⊥,1 : R⊥
(
t
c
)
−→ OC
(
t
c
)
, (f1, f2) 7−→
(
e, (f1, f2)
)
, (3.10a)
s⊥,2 : R⊥
(
t
c
)
−→ OC
(
t
c
)
, (f1, f2) 7−→
(
τ, (f1, f2)
)
, (3.10b)
for all t ∈ C0 and c ∈ C
2
0, where e, τ ∈ Σ2 are the group identity and the transposition. The
C0-colored operad OC ∈ OpC0 is defined as the coequalizer
OC := colim
(
F (R⊥)
s⊥,1
//
s⊥,2
// OC
)
(3.11)
in OpC0 , where F denotes the free C0-colored operad functor, cf. Theorem 2.3. By construction,
there exists a canonical OpC0-morphism pC : OC → OC.
Note that OC ∈ OpC0 exists because OpC0 is cocomplete (cf. Proposition 2.4), however
its definition as a coequalizer is quite implicit. The next proposition establishes a fully explicit
presentation of O
C
in terms of an equivalence relation on the sets of operations of OC.
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Proposition 3.9. Let C = (C,⊥) be an orthogonal category. For all t ∈ C0, n ≥ 0, c ∈ C
n
0 ,
equip the set OC
(
t
c
)
from Definition 3.6 with the following equivalence relation: (σ, f ) ∼⊥ (σ
′, f ′)
if and only if
(1) f = f ′ as elements in C(c, t),
(2) the right permutation σσ′−1 : fσ−1 → fσ′−1 is generated by transpositions of adjacent
orthogonal pairs, i.e. σσ′−1 = τ1 · · · τN may be factored into a product of transpositions
τ1, . . . , τN ∈ Σn, for some N ∈ N, such that the right permutation
τk : fσ
−1τ1 · · · τk−1 −→ fσ
−1τ1 · · · τk (3.12)
is a transposition of a pair of C-morphisms that are orthogonal and adjacent in the sequence
fσ−1τ1 · · · τk−1, for all k = 1, . . . , N .
The colored operad structure on OC ∈ OpC0 descends to the quotient sets OC
(
t
c
)
/∼⊥, which
defines a model O
C
:= OC/∼⊥ ∈ OpC0 for the coequalizer in Definition 3.8. The canonical
OpC0-morphism pC : OC → OC is given by the quotient map π : OC → OC/∼⊥.
Example 3.10. Before we prove Proposition 3.9, let us illustrate the equivalence relation ∼⊥
with a simple example. For t ∈ C0 and c = (c1, c2) ∈ C
2
0, elements in OC
(
t
c
)
are either of the form
(e, (f1, f2)) or of the form (τ, (f1, f2)), where e ∈ Σ2 denotes the identity permutation and τ ∈ Σ2
the transposition. It follows that (e, (f1, f2)) ∼⊥ (τ, (f1, f2)) if and only if f1 ⊥ f2. Indeed, using
τ−1 = τ ∈ Σ2, the right permutation
eτ−1 = τ : (f1, f2)e
−1 = (f1, f2) −→ (f1, f2)τ
−1 = (f2, f1) (3.13)
is a transposition of an adjacent orthogonal pair if and only if f1 ⊥ f2. ▽
Proof of Proposition 3.9. Let us first show that the colored operad structure on OC (cf. Defini-
tion 3.6) descends to the quotient OC/∼⊥. The parts concerning the permutation action and
unit are straightforward, while composition requires a calculation using some basic properties of
permutations. Let t ∈ C0, m ≥ 1, a ∈ C
m
0 , ki ≥ 0, bi ∈ C
ki
0 , for i = 1, . . . ,m, and consider
(σ, f ) ∼⊥ (σ˜, f) in OC
(
t
a
)
, (σi, gi) ∈ OC
(ai
bi
)
, for i = 1, . . . ,m. We have to show that
γ
(
(σ, f ),
(
(σ1, g1), . . . , (σm, gm)
))
=
(
σ(σ1, . . . , σm), f(g1, . . . , gm)
)
, (3.14a)
γ
(
(σ˜, f),
(
(σ1, g1), . . . , (σm, gm)
))
=
(
σ˜(σ1, . . . , σm), f(g1, . . . , gm)
)
(3.14b)
are equivalent under ∼⊥ in OC
(
t
(b1,...,bm)
)
. Thus, the right permutation to be investigated is
f(g
1
, . . . , g
m
)
(
σ(σ1, . . . , σm)
)−1
σ(σ1,...,σm) (σ˜(σ1,...,σm))−1

f(g
1
, . . . , g
m
)
(
σ˜(σ1, . . . , σm)
)−1
(3.15)
Recalling that σ(σ1, . . . , σm) is defined as the group multiplication of the block permutation
σ〈kσ−1(1), . . . , kσ−1(m)〉 and the block sum permutation σ1 ⊕ · · · ⊕ σm (cf. Example 2.2), we find
the equivalent expression
(fσ−1)
(
g
σ−1(1)
σ−1
σ−1(1)
, . . . , g
σ−1(m)
σ−1
σ−1(m)
)
(σσ˜−1)〈k
σ−1(1),...,kσ−1(m)〉

(fσ˜−1)
(
g
σ˜−1(1)
σ−1
σ˜−1(1)
, . . . , g
σ˜−1(m)
σ−1
σ˜−1(m)
)
(3.16)
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for this right permutation. From the latter expression we deduce that this right permutation
is generated by transpositions of adjacent orthogonal pairs because (1) σσ˜−1 : fσ−1 → fσ˜−1 is
by hypothesis generated by transpositions of adjacent orthogonal pairs, (2) ⊥ is by definition
stable under pre-composition in C, and (3) transpositions of adjacent blocks are generated by
adjacent transpositions of block elements belonging to different blocks. By a similar argument,
one shows that the composition of (σ, f) with equivalent (σi, gi) ∼⊥ (σ˜i, gi), for i = 1, . . . ,m,
gives ∼⊥-equivalent results. Hence, the composition map γ descends to the quotient OC/∼⊥.
It remains to prove that the quotient map π : OC → OC/∼⊥ is the coequalizer of the pair of
parallel morphisms s⊥,1, s⊥,2 from Definition 3.8. It directly follows from the definition of ∼⊥ that
π s⊥,1 = π s⊥,2. To show that π has also the required universal property, suppose that φ : OC → P
in OpC0 is such that φ s⊥,1 = φ s⊥,2. We have to prove that φ factors uniquely through π.
Uniqueness of the factorization follows from surjectivity of the maps π : OC
(
t
c
)
→ OC
(
t
c
)
/∼⊥,
therefore it only remains to show that φ(σ, f) = φ(σ′, f) ∈ P
(
t
c
)
, for all (σ, f) ∼⊥ (σ
′, f) ∈ OC
(
t
c
)
.
Equivariance under permutations leads to the equivalent condition φ(σσ′−1, fσ′−1) = φ(e, fσ′−1).
By definition of ∼⊥, we find a factorization σσ
′−1 = τ1 · · · τN : fσ
−1 → fσ′−1 into transposi-
tions of adjacent orthogonal pairs. Let us focus first on the inverse of the rightmost transposi-
tion, i.e. τ−1N : fσ
′−1 → fσ′−1τ−1N . It transposes a pair of adjacent orthogonal morphisms, say
(fσ′−1(k), fσ′−1(k+1)) ∈ ⊥, in the sequence fσ
′−1. Using the composition γ of OC given in (3.5),
we may decompose (e, fσ′−1) as
γ
((
e, (idt, . . . , idt)︸ ︷︷ ︸
n−1 times
)
,
((
e, fσ′−1(i)
)
i=1,...,k−1
,
(
e, (fσ′−1(k), fσ′−1(k+1))
)
,
(
e, fσ′−1(i)
)
i=k+2,...,n
))
. (3.17)
Applying φ to this expression, we observe that the term φ
(
e, (fσ′−1(k), fσ′−1(k+1))
)
can be replaced
by φ
(
τ, (fσ′−1(k), fσ′−1(k+1))
)
since φ s⊥,1 = φ s⊥,2, which proves the identity
φ
(
e, fσ′−1
)
= φ
(
τN , fσ
′−1
)
= P(τN )φ
(
e, fσ′−1τ−1N
)
. (3.18)
Iterating this construction then proves the desired equality
φ
(
e, fσ′−1
)
= P(τN ) · · · P(τ1)φ
(
e, fσ′−1τ−1N · · · τ
−1
1
)
= φ
(
σσ′−1, fσ′−1
)
(3.19)
and completes the proof.
We conclude this subsection with an important remark on the functoriality of the constructions
in Definitions 3.6 and 3.8. The proof of the following result is straightforward.
Proposition 3.11. The assignment C 7→ OC naturally extends to a functor O(−) : Cat → Op
on the category of small categories. Explicitly, to each functor F : C → D we assign the Op-
morphism OF : OC → OD consisting of the following data:
a) the map of colors O˜F := F : C0 → D0 is given by the action of the functor F on objects,
b) for all t ∈ C0, n ≥ 0, c ∈ C
n
0 , the map OF : OC
(
t
c
)
→ OD
(F (t)
F (c)
)
, (σ, f) 7→
(
σ, F (f )
)
is
given by the action of the functor F on morphisms, i.e. F (f) := (F (f1), . . . , F (fn)).
Similarly, the assignment C 7→ OC := OC/∼⊥ naturally extends to a functor O(−) : OrthCat→
Op on the category of orthogonal categories. Denoting by Π : OrthCat → Cat , (C,⊥) 7→ C
the evident forgetful functor, the Op-morphisms pC : OC → OC are the components of a natural
transformation p : OΠ(−) → O(−) between functors from OrthCat to Op.
Remark 3.12. Notice that for the empty orthogonality relation ∅ ⊆ MorC t×tMorC the colored
operad O(C,∅) coincides with OC. Given any C = (C,⊥) ∈ OrthCat, the identity functor
idC : (C, ∅)→ C is clearly orthogonal, hence we obtain by Proposition 3.11 an OpC0-morphisms
OidC : O(C,∅) → OC. By a direct comparison, we observe that this morphism coincides with pC
given in Definition 3.8. This simple observation will be useful later on. △
13
3.3 Presentation by generators and relations
The aim of this subsection is to show that the colored operads OC and OC introduced in Section
3.2 have a convenient presentation in terms of generators and relations, which all admit a natural
quantum field theoretic interpretation. This is the key to characterize their algebras, see Section
3.4 below. We decided to use a simple and intuitive graphical approach to present the generators
and relations. The corresponding colored sequences for the formal construction in Remark 2.5
can be easily extracted from these pictures. We start with a generators and relations presentation
of the auxiliary colored operad OC described in Definition 3.6.
• Generators GC: We introduce three types of generators
c′
c
f
t
∅
1t
t
t t
µt
(3.20)
for every t ∈ C0 and (f : c → c
′) ∈ MorC. The quantum field theoretic interpretation is
as follows: For every spacetime embedding f : c→ c′, we introduce a 1-ary operation f to
push forward observables. Moreover, for every spacetime t, we introduce a 0-ary operation
1t and a 2-ary operation µt to obtain a unit and a product for the observables on t.
• Functoriality relations RFun: We impose the relations
t
t
1
=
t
t
idt
c′′
c
g
f
=
c′′
c
f g
(3.21)
for every t ∈ C0 and every pair of composable morphisms (f : c
′ → c′′, g : c → c′) ∈
MorC s×tMorC. These relations capture the functoriality of pushing forward observables
by identifying the operadic unit 1 with the identity morphisms idt and operadic composi-
tions of spacetime embeddings with their categorical compositions in C.
• Algebra relations RAlg: We impose the relations
t
∅ t
µt1t
=
t
t
1
=
t
t ∅
µt 1t
t
µt
µt
t t t
=
t
µt
µt
t t t (3.22)
for every t ∈ C0. These relations capture the unitality and associativity property of the
unit 1t and product µt of observables.
• Compatibility relations RFA: We impose the relations
c′
∅
1c
f
=
c′
∅
1c′
c′
c c
µc
f
=
c′
c c
µc′
f f
(3.23)
for every (f : c→ c′) ∈ MorC. These relations capture the compatibility between pushing
forward observables along spacetime embeddings and the unit and product.
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From this graphical presentation of the generators and relations one easily extracts a pair of
parallel SeqC0-morphisms
rC,i := rFun,i ⊔ rAlg,i ⊔ rFA,i : RC := RFun ⊔RAlg ⊔RFA −→ F (GC) , (3.24)
for i = 1, 2, which simultaneously captures all three types of relations in the free C0-colored
operad F (GC). There further exists an OpC0-morphism qC : F (GC) → OC to our colored
operad OC from Definition 3.6, which is defined by setting for the generators
qC :
 1t 7−→ (e, ∗)f 7−→ (e, f)
µt 7−→
(
e, (idt, idt)
)
 . (3.25)
Our first main result of this subsection is
Proposition 3.13. Let C be a small category. Then
F (RC)
rC,1
//
rC,2
// F (GC)
qC // OC (3.26)
is a coequalizer in OpC0 .
Proof. Verifying that qC rC,1 = qC rC,2 is a simple calculation using (3.21), (3.22) and (3.23), as
well as qC (3.25). As an illustration, let us show this for the second relation in (3.21),
qC
(
γ(f, g)
)
= γ
(
qC(f), qC(g)
)
= γ
(
(e, f), (e, g)
)
= (e, f g) = qC(f g) . (3.27)
It thus remains to prove that qC in (3.26) has the universal property of a coequalizer.
As a crucial preparation, we show that all operations in OC admit a factorization in terms
of images (under qC) of the generators (cf. (3.25)). Let us define recursively the elements µ
n
t ∈
F (GC)
(
t
tn
)
by
µ0t := 1t , µ
n
t := γ
(
µt, (1, µ
n−1
t )
)
, (3.28)
and observe that
qC(µ
n
t ) =
(
e, (idt, . . . , idt)︸ ︷︷ ︸
n times
)
∈ OC
(
t
tn
)
. (3.29)
For all t ∈ C0, n ≥ 0, c ∈ C
n
0 , (σ, f) ∈ OC
(
t
c
)
, using the operad structure on OC (cf. Definition
3.6), we obtain a factorization
(σ, f) = OC(σ) γ
(
qC(µ
n
t ),
(
qC
(
fσ−1(1)
)
, . . . , qC
(
fσ−1(n)
)))
. (3.30)
This implies that each component qC : F (GC)
(
t
c
)
→ OC
(
t
c
)
is a surjective map of sets.
We now prove the universal property. Given any OpC0-morphism φ : F (GC)→ P such that
φ rC,1 = φ rC,2, we have to construct a unique factorization φ = φ
′ qC of φ through qC : F (GC)→
OC. Uniqueness is immediate because qC is component-wise surjective. To prove existence, we
use (3.30) and define
φ′ : OC
(
t
c
)
−→ P
(
t
c
)
, (σ, f ) 7−→ P(σ) γ
(
φ(µnt ),
(
φ
(
fσ−1(1)
)
, . . . , φ
(
fσ−1(n)
)))
, (3.31)
for all t ∈ C0, n ≥ 0, c ∈ C
n
0 . One easily observes that this defines a SeqC0-morphism such
that φ = φ′ qC. By an elementary but slightly lengthy calculation one shows that φ
′ is an OpC0-
morphism, i.e. that it preserves permutation actions, compositions and units. (Hint: Due to the
equivariance axioms of colored operads, it is enough for these checks to consider operations (e, f)
with trivial permutations, which leads to drastic simplifications.)
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Let us now consider the colored operad OC from Definition 3.8 and Proposition 3.9, which
is obtained from OC by enforcing relations to capture the ⊥-commutativity axiom. For our
presentation by generators and relations, this amounts to adding one more type of relations.
• ⊥-commutativity relations R⊥: We impose the relations
c
c1 c2
µc
f1 f2
=
c
c1 c2
µc
f2 f1
(3.32)
for every orthogonal pair of C-morphisms (f1 : c1 → c, f2 : c2 → c) ∈ ⊥. These relations
capture the commutative behavior of pairs of observables on c which arise from pushforwards
along an orthogonal pair of spacetime embeddings.
To capture simultaneously all four types of relations (functoriality, algebra, compatibility and
⊥-commutativity relations), we consider the pair of parallel SeqC0-morphism
r
C,i := rC,i ⊔ r⊥,i : RC := RC ⊔R⊥ −→ F (GC) , (3.33)
for i = 1, 2. Composing qC given in (3.25) with the OpC0-morphism pC : OC → OC given in
Definition 3.8, we obtain an OpC0-morphism
pC qC : F (GC) −→ OC . (3.34)
Our second main result of this subsection is
Theorem 3.14. Let C = (C,⊥) be an orthogonal category. Then
F (RC)
r
C,1
//
r
C,2
// F (GC)
p
C
qC
// OC (3.35)
is a coequalizer in OpC0 .
Proof. This is a simple consequence of Definition 3.8, Proposition 3.13 and the diagram
F (RC)
ι1

rC,1
&&▼
▼▼
▼▼
▼▼
▼▼
▼▼
▼▼
▼▼
▼▼
▼▼
rC,2
&&▼
▼▼
▼▼
▼▼
▼▼
▼▼
▼▼
▼▼
▼▼
▼▼
P
F (RC) ⊔ F (R⊥)
r
C,1
//
r
C,2
// F (GC)
φ
55❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧
qC // OC
p
C //
∃!φ′
==③
③
③
③
③
③
③
③
OC
∃!φ′′
OO✤
✤
✤
✤
✤
F (R⊥)
ι2
OO
s⊥,1
44✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐
s⊥,2
44✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐
(3.36)
in OpC0 , where φ : F (GC) → P is any OpC0-morphism such that φ rC,1 = φ rC,2. Let us
explain this in more detail: (1) We have that F (RC)
∼= F (RC) ⊔ F (R⊥) because F is a left
adjoint functor, hence it preserves coproducts. (2) By definition of rC,i the upper left triangles
commute, i.e. rC,i = rC,i ι1 for i = 1, 2. (3) By a short calculation using (3.32), (3.25) and (3.10)
one shows that the lower left triangles commute, i.e. s⊥,i = qC rC,i ι2 for i = 1, 2. (4) Because
of (2), φ rC,1 = φ rC,2. Existence and uniqueness of the morphism φ
′ : OC → P in (3.36) is
then a consequence of Proposition 3.13. (5) Because of (3), φ′ : OC → P coequalizes s⊥,1 and
s⊥,2. Existence and uniqueness of the morphism φ
′′ : OC → P in (3.36) is then a consequence of
Definition 3.8.
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We conclude this subsection by noting that our constructions are easily seen to be functorial.
Proposition 3.15. The coequalizer (3.26) is natural in C ∈ Cat and the coequalizer (3.35) is
natural in C = (C,⊥) ∈ OrthCat.
3.4 Algebras
The following result is an immediate consequence of our presentation by generators and relations
in Theorem 3.14 of the colored operad OC.
Theorem 3.16. Let C = (C,⊥) ∈ OrthCat be an orthogonal category. Then the category
AlgO
C
(M) of OC-algebras in M is the category Alg(M)
C of ⊥-commutative functors from C to
associative and unital algebras in M, cf. Definition 3.5.
Remark 3.17. Let C be a small category and consider the orthogonal category (C, ∅) with
trivial orthogonality relation. By Remark 3.12, we have that O(C,∅) = OC ∈ Op is our auxiliary
operad from Definition 3.6. As a special instance of Theorem 3.16, we obtain that AlgOC(M) is
the category Alg(M)C of all functors from C to associative and unital algebras in M. △
Remark 3.18. There is the following quantum field theoretic interpretation. As in Section
3.1, we interpret C = (C,⊥) as a category of spacetimes C, together with a specification ⊥
of pairs of subspacetimes for which observables are supposed to behave commutatively. The
category Alg(M)C of ⊥-commutative functors describes all possible quantum field theories for
this scenario. Theorem 3.16 deepens our understanding of the algebraic structures underlying such
quantum field theories by proving that they are precisely the algebras over our colored operad
OC ∈ Op. It is worth to emphasize the following analogy: One of the key ideas of algebraic
quantum field theory is to shift the focus from (Hilbert space) representations of algebras to the
underlying abstract algebras in order to analyze structural properties of quantum field theories.
Our operadic framework goes one level deeper by shifting the focus from specific realizations of
the algebraic structures of quantum field theories to the underlying abstract operads. △
3.5 Examples
We present explicit examples of orthogonal categories C = (C,⊥) ∈ OrthCat that are motivated
by algebraic quantum field theory. For this purpose we shall need the following constructions.
The first one is straightforward to verify.
Lemma 3.19. Let F : C→ D be a functor between small categories.
(i) Given any orthogonality relation ⊥D ⊆ MorD t×tMorD on D, then
F ∗(⊥D) :=
{
(f1, f2) ∈MorC t×tMorC : F (f1) ⊥D F (f2)
}
(3.37)
is an orthogonality relation on C. We call F ∗(⊥D) the pullback of ⊥D along F and note
that F : (C, F ∗(⊥D))→ (D,⊥D) is an orthogonal functor.
(ii) Given any orthogonality relation ⊥C ⊆ MorC t×tMorC on C, then
F∗(⊥C) :=
{(
g F (f1)h1, g F (f2)h2
)
∈ MorD t×tMorD :
f1 ⊥C f2 and g, h1, h2 ∈ MorD are composable
}
(3.38)
is an orthogonality relation on D. We call F∗(⊥C) the pushforward of ⊥C along F and
note that F : (C,⊥C)→ (D, F∗(⊥C)) is an orthogonal functor.
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Lemma 3.20. Let C = (C,⊥) ∈ OrthCat and W ⊆ MorC any subset. Define C[W−1] :=
(C[W−1], L∗(⊥)) ∈ OrthCat by pushing forward the orthogonality relation ⊥ on C along the
localization functor L : C→ C[W−1]. There exists a canonical identification between
(1) ⊥-commutative and W -constant functors B : C→ Alg(M),
(2) L∗(⊥)-commutative functors A : C[W
−1]→ Alg(M).
Proof. Given any L∗(⊥)-commutative functor A : C[W
−1] → Alg(M), define B := AL : C →
Alg(M) which is obviously W -constant and ⊥-commutative.
Conversely, let B : C → Alg(M) be any ⊥-commutative and W -constant functor. Define
A : C[W−1]→ Alg(M) via the universal property of localizations, i.e. A is the unique functor such
that AL = B. We have to show that A is L∗(⊥)-commutative. By definition of the pushforward
orthogonality relation, any element in L∗(⊥) may be written as
(
g L(f1)h1, g L(f2)h2
)
with
f1 ⊥ f2 and g, h1, h2 ∈ MorC[W
−1]. Using that A : C[W−1] → Alg(M) is a functor, the
diagram in Definition 3.5 corresponding to
(
g L(f1)h1, g L(f2)h2
)
may be decomposed into five
smaller squares. One observes that it suffices to prove that the square
A(c1)⊗ A(c2)
AL(f1)⊗AL(f2)

AL(f1)⊗AL(f2)
// A(c)⊗ A(c)
µ
op
c

A(c)⊗ A(c)
µc
// A(c)
(3.39)
commutes, which is true because AL = B is by hypothesis ⊥-commutative and f1 ⊥ f2.
Example 3.21 (Locally covariant quantum field theory without time-slice axiom). In locally
covariant quantum field theory [BFV03, FV15] one considers the category Loc of oriented, time-
oriented and globally hyperbolic Lorentzian manifolds of a fixed dimension m ≥ 2. Concretely,
the objects in Loc are tuples M = (M,g, o, t) where M is an m-dimensional manifold (Hausdorff
and second-countable), g is a globally hyperbolic Lorentzian metric on M , o is an orientation of
M and t is a time-orientation of (M,g). A Loc-morphism f : M→ M′ is an orientation and time-
orientation preserving isometric embedding, such that the image f(M) ⊆ M ′ is causally convex
and open. (For an introduction to Lorentzian geometry we refer the reader to e.g. [BGP07].)
Note that the category Loc is not small, however it is equivalent to a small category, i.e. it is
essentially small. As usual, this follows by using Whitney’s Embedding Theorem to realize (up
to diffeomorphism) all m-dimensional manifolds M as submanifolds of R2m+1. In the following
we always choose a small category equivalent to Loc and denote it with abuse of notation also by
Loc. Our results in Section 4.4 imply that it does not matter which small subcategory equivalent
to Loc we choose. More precisely, different choices define equivalent categories of algebras over
their associated colored operads.
We equip the category Loc with the following orthogonality relation: Two Loc-morphisms
f1 : M1 → M and f2 : M2 → M are orthogonal, f1 ⊥ f2, if and only if their images f1(M1)
and f2(M2) are causally disjoint subsets in M, i.e. f1(M1) ∩ JM(f2(M2)) = ∅, where JM(S) :=
J+
M
(S) ∪ J−
M
(S) ⊆ M denotes the union of the causal future and past of a subset S ⊆ M . It
is easy to verify the symmetry and composition stability properties of Definition 3.4. Hence,
Loc := (Loc,⊥) ∈ OrthCat is an orthogonal category.
By Theorem 3.16, we obtain that algebras over the colored operad OLoc ∈ Op are canonically
identified with functors A : Loc → Alg(M) from Loc to the category of associative and unital
algebras in M that satisfy the ⊥-commutativity axiom (cf. Definition 3.5). These are locally
covariant quantum field theories [BFV03, FV15] satisfying the Einstein causality axiom, but not
necessarily the time-slice axiom.
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An interesting problem, originally considered in [Fre90, Fre93, FRS92], is that of extending
quantum field theories from a subcategory of “nice” spacetimes to all spacetimes. To formalize
this in our framework, let us consider the full subcategory Loc⋄ ⊆ Loc of diamond spacetimes,
i.e. objects M ∈ Loc with underlying manifold diffeomorphic to Rm, and denote the inclusion
functor by j : Loc⋄ → Loc. We equip Loc⋄ with the pullback orthogonality relation j
∗(⊥) and
obtain an orthogonal functor j : Loc⋄ := (Loc⋄, j
∗(⊥)) → Loc. Notice that OLoc⋄ -algebras are
j∗(⊥)-commutative functors A : Loc⋄ → Alg(M), i.e. locally covariant quantum field theories
defined only on diamond spacetimes, cf. [Lan14]. By Proposition 3.11 and Theorem 2.10, the
orthogonal functor j : Loc⋄ → Loc induces an adjunction
Oj ! : AlgOLoc⋄
(M) // AlgO
Loc
(M) : O∗joo . (3.40)
The right adjoint O∗j restricts quantum field theories defined on all of Loc to Loc⋄. More
interestingly, the left adjoint Oj ! is an extension functor that extends quantum field theories
defined on Loc⋄ to all of Loc. We shall analyze this adjunction in more detail in Section 4.3. In
Section 5, we also compare our constructions to Fredenhagen’s universal algebra [Fre90, Fre93,
FRS92], which is obtained by left Kan extension of algebra-valued functors [Lan14]. ▽
Example 3.22 (Locally covariant quantum field theory with time-slice axiom). In the setting
of Example 3.21, recall that a morphism f : M → M′ is called a Cauchy morphism if its image
f(M) ⊆M ′ contains a Cauchy surface of M′. We denote the subset of all Cauchy morphisms by
W ⊆ MorLoc and consider the localization L : Loc → Loc[W−1]. Using Lemma 3.19, we may
equip Loc[W−1] with the pushforward orthogonality relation L∗(⊥) and obtain an orthogonal
functor L : Loc→
(
Loc[W−1], L∗(⊥)
)
=: Loc[W−1].
By Theorem 3.16, we obtain that algebras over O
Loc[W−1]
∈ Op are canonically identified
with L∗(⊥)-commutative functors A : Loc[W
−1] → Alg(M). By Lemma 3.20, such functors
are canonically identified with ⊥-commutative and W -constant functors A : Loc → Alg(M) on
Loc. These are locally covariant quantum field theories [BFV03, FV15] satisfying the Einstein
causality axiom and the time-slice axiom.
Using Proposition 3.11 and Theorem 2.10, the orthogonal functor L : Loc → Loc[W−1]
defines an adjunction
OL! : AlgO
Loc
(M) // AlgO
Loc[W−1]
(M) : O∗Loo . (3.41)
We call the left adjoint OL! the W -constantification functor or, more specifically, the time-
slicification functor. To a quantum field theory which may not satisfy the time-slice axiom
it assigns one which does. We shall analyze such adjunctions in more detail in Section 4.2. ▽
Remark 3.23. Mimicking the previous examples, one can introduce further interesting orthog-
onal categories which give rise to algebraic quantum field theories on a fixed spacetime [HK64],
chiral conformal quantum field theories [Kaw15, Reh15, BDH15] and Euclidean quantum field
theories [Sch99]. For the latter two scenarios, the orthogonality relation is determined by disjoint-
ness instead of causal disjointness. Our framework also applies to spacetimes with boundaries,
in which case adjunctions similar to those above provide interesting insights into boundary con-
ditions for quantum field theories, see [BDS18]. △
4 Algebra adjunctions
Given an orthogonal functor F : C → D, we obtain by Proposition 3.11 an Op-morphism
OF : OC → OD and thus by Theorem 2.10 an adjunction
OF ! : AlgO
C
(M) // AlgO
D
(M) : O∗Foo (4.1)
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between the categories of algebras. The examples in Section 3.5 show that such adjunctions
lead to interesting constructions in quantum field theory, for example W -constantification/time-
slicification (cf. Example 3.22) and local-to-global extensions (cf. Example 3.21). The aim of this
section is to study these adjunctions for particularly interesting classes of orthogonal functors in
more detail. We will also explain the significance of our results for quantum field theory.
4.1 General orthogonal functors
For a general orthogonal functor F , we establish a relation between (4.1) and the adjunction
LanF : Alg(M)
C // Alg(M)D : F ∗oo (4.2)
obtained by left Kan extension of algebra-valued functors along the functor F : C → D. Notice
that the latter neglects the orthogonality relations on C and D.
In order to compare these two adjunctions, let us recall from Remark 3.17 that Alg(M)C ∼=
AlgOC(M), where OC ∈ OpC0 is our auxiliary colored operad that does not encode the ⊥-
commutativity relations. By Proposition 3.11, there exists a natural OpC0-morphism pC : OC →
OC, hence we obtain from Theorem 2.10 a natural adjunction
pC! : Alg(M)
C // AlgO
C
(M) : p∗
C
oo . (4.3)
Theorem 3.16 implies that AlgO
C
(M) ∼= Alg(M)C and it is easy to verify that under this
identification the right adjoint functor p∗
C
in (4.3) is given by the functor U : Alg(M)C →
Alg(M)C that forgets ⊥-commutativity. As the latter is a full subcategory embedding, we
observe that AlgO
C
(M) is a full reflective subcategory of Alg(M)C, see e.g. [MacL98, Chapter
IV.3]. Summing up, we obtain
Lemma 4.1. The natural adjunction (4.3) exhibits AlgO
C
(M) as a full reflective subcategory of
Alg(M)C, i.e. the counit ǫ : pC! p
∗
C
→ idAlgO
C
(M) is a natural isomorphism.
Remark 4.2. The adjunction (4.3) admits a quantum field theoretic interpretation. The category
Alg(M)C contains also functors that do not satisfy the ⊥-commutativity axiom and hence should
not be regarded as quantum field theories. The left adjoint functor pC! in (4.3) allows us to assign
to any functor B : C → Alg(M) a bona fide quantum field theory pC!(B) ∈ AlgOC(M). This
construction may be called ⊥-abelianization due to its structural similarity with the abelianization
of algebraic structures such as groups or algebras. By Lemma 4.1, we know that the counit of the
adjunction (4.3) is a natural isomorphism. Concretely, this means that the ⊥-abelianization of the
functor B = p∗
C
(A) underlying a bona fide quantum field theory A ∈ AlgO
C
(M) is isomorphic
to A itself via ǫ : p
C!
p∗
C
(A)→ A. △
Recalling Remarks 3.12 and 2.12, we observe that there exists a diagram of adjunctions
AlgO
C
(M)
p∗
C

OF ! //
AlgO
D
(M)
O∗F
oo
p∗
D

Alg(M)C
p
C!
OO
LanF //
Alg(M)D
F ∗
oo
p
D!
OO
(4.4)
in which the square formed by the right adjoint functors commutes, i.e. p∗
C
O∗F = F
∗ p∗
D
. This
allows us to prove the main result of this subsection.
Proposition 4.3. Let F : C→ D be an orthogonal functor. There exists a natural isomorphism
OF ! ∼= pD! LanF p
∗
C
(4.5)
of functors AlgO
C
(M)→ AlgO
D
(M).
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Proof. Let A ∈ AlgO
C
(M) and B ∈ AlgO
D
(M). Using (4.4), we obtain the following chain of
natural bijections of Hom-sets
AlgO
D
(M)
(
pD! LanF p
∗
C
(A), B
)
∼= Alg(M)D
(
LanF p
∗
C
(A), p∗
D
(B)
)
∼= Alg(M)C
(
p∗
C
(A), F ∗ p∗
D
(B)
)
= Alg(M)C
(
p∗
C
(A), p∗
C
O∗F (B)
)
, (4.6)
where in the last step we used that the square formed by the right adjoint functors commutes.
Using also that the functor p∗
C
is fully faithful (cf. Lemma 4.1), we obtain
AlgO
D
(M)
(
pD! LanF p
∗
C
(A), B
)
∼= AlgO
C
(M)
(
A,O∗F (B)
)
, (4.7)
which implies that pD! LanF p
∗
C
is a left adjoint of O∗F . The uniqueness (up to natural isomor-
phism) of adjoint functors implies the assertion.
4.2 Orthogonal localizations
Let C = (C,⊥) ∈ OrthCat be an orthogonal category and W ⊆ MorC a subset of the set of
morphisms. Consider the localized category C[W−1] together with the localization functor L :
C → C[W−1]. We define an orthogonality relation L∗(⊥) on C[W
−1] by using the pushforward
construction from Lemma 3.19. We obtain an orthogonal functor L : C → (C[W−1], L∗(⊥)) =:
C[W−1] and hence by Proposition 3.11 and Theorem 2.10 an adjunction
OL! : AlgO
C
(M) // AlgO
C[W−1]
(M) : O∗L .oo (4.8)
Recall from Example 3.22 that the left adjoint is interpreted in terms ofW -constantification/time-
slicification. Adjunctions obtained from orthogonal localizations enjoy the following property.
Proposition 4.4. The adjunction (4.8) exhibits AlgO
C[W−1]
(M) as a full reflective subcategory
of AlgO
C
(M), i.e. the counit ǫ : OL!O
∗
L → idAlgO
C[W−1]
(M) is a natural isomorphism.
Proof. The right adjoint functor O∗L in (4.8) is given by restricting the pullback functor
L∗ : Alg(M)C[W
−1] −→ Alg(M)C (4.9)
to the full subcategories Alg(M)C[W
−1] and Alg(M)C of ⊥-commutative functors. Due to the
universal property of localizations (see also [GZ67, Chapter 1]), the functor (4.9) is a fully faithful
embedding and hence so is O∗L by restriction to full subcategories.
Remark 4.5. In the context of Example 3.22, we interpret the left adjoint OL! as the W -
constantification/time-slicification functor and the right adjoint O∗L as the functor forgetting
the W -constancy/time-slice axiom. Proposition 4.4 has the following interpretation: Take any
quantum field theory A ∈ AlgO
C[W−1]
(M) that does satisfy the W -constancy axiom and forget
this property by considering O∗L(A) ∈ AlgO
C
(M). Applying the W -constantification functor
determines a quantum field theory that is isomorphic to A via ǫ : OL!O
∗
L(A)→ A. △
4.3 Full orthogonal subcategories
Let D = (D,⊥) ∈ OrthCat be an orthogonal category. Let further C ⊆ D be a full subcategory
with embedding functor denoted by j : C → D. We may equip C with the pullback orthogo-
nality relation j∗(⊥) from Lemma 3.19. We call C = (C, j∗(⊥)) ∈ OrthCat a full orthogonal
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subcategory of D and note that j : C → D is an orthogonal functor. By Proposition 3.11 and
Theorem 2.10, we obtain an adjunction
Oj ! : AlgOC(M)
//
AlgO
D
(M) : O∗joo . (4.10)
Recall from Example 3.21 that in this case the left adjoint should be interpreted as an extension
functor of quantum field theories defined on C to theories on D. Adjunctions obtained from full
orthogonal subcategory embeddings enjoy the following property.
Proposition 4.6. The adjunction (4.10) exhibits AlgO
C
(M) as a full coreflective subcategory of
AlgO
D
(M), i.e. the unit η : idAlgO
C
(M) → O
∗
j Oj ! is a natural isomorphism.
Proof. Given any A ∈ AlgO
C
(M), we use Proposition 2.11 to present Oj !(A) ∈ AlgOD(M) as
the reflexive coequalizer
Oj !(A) = colim
(
FO
D
j! FO
C
(A)
∂0 //
∂1
// FO
D
j!(A)
)
(4.11)
in AlgO
D
(M). Applying the right adjoint functor O∗j and recalling that it preserves reflexive
coequalizers (cf. Remark 2.13), we obtain a natural isomorphism
O∗j Oj !(A)
∼= colim
(
O∗j FOD j!FOC(A)
O∗j (∂0)
//
O∗j (∂1)
// O∗j FOD j!(A)
)
(4.12)
in AlgO
C
(M). Because j : C → D is a full orthogonal subcategory embedding we obtain that
OD
(
t
c
)
= OC
(
t
c
)
, for all t ∈ C0 ⊆ D0, n ≥ 0, c ∈ C
n
0 ⊆ D
n
0 , and, for every X ∈ M
C0 and
s ∈ D0, that j!(X)s ∼= Xs, for s ∈ C0 ⊆ D0, and j!(X)s ∼= ∅ else, where ∅ ∈M denotes the initial
object. By a straightforward calculation using Theorem 2.8 we then observe that the functor
O∗j FOD j! : M
C0 → AlgO
C
(M) is naturally isomorphic to the free O
C
-algebra functor FO
C
.
Applying this to the right-hand side of (4.12), we obtain a natural isomorphism
O∗j Oj !(A)
∼= colim
(
FO
C
FO
C
(A)
FO
C
(α)
//
γA
// FO
C
(A)
)
. (4.13)
By [Bor94b, Lemma 4.3.3], the right-hand side is naturally isomorphic to A ∈ AlgO
C
(M), which
shows that the functor O∗j Oj ! : AlgOC(M)→ AlgOC(M) is naturally isomorphic to the identity
functor. This is sufficient to conclude that the unit of the adjunction is a natural isomorphism,
see e.g. [JM89, Lemma 1.3].
Inspired by the application explained in Example 3.21, we introduce the following concept.
Definition 4.7. We say that an object A ∈ AlgO
D
(M) is j-local if the corresponding component
ǫ : Oj !O
∗
j (A) → A of the counit of the adjunction (4.10) is an isomorphism in AlgO
D
(M). We
denote the full subcategory of j-local objects by AlgO
D
(M)j-loc.
Directly from Proposition 4.6 and Definition 4.7 it follows that
Corollary 4.8. (i) For every B ∈ AlgO
C
(M), the object Oj !(B) ∈ AlgOD(M) is j-local.
(ii) The adjunction (4.10) restricts to an adjoint equivalence
Oj ! : AlgOC(M)
∼
//
AlgO
D
(M)j-loc : O∗joo . (4.14)
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Remark 4.9. In the context of quantum field theory, the full orthogonal subcategory C ⊆ D
should be interpreted as a subcategory of particularly “nice” spacetimes, e.g. disks in Euclidean
quantum field theory or diamonds in Lorentzian quantum field theory, cf. Example 3.21. A j-
local object A ∈ AlgO
D
(M) is a quantum field theory on the bigger spacetime category D fully
determined by its restriction O∗j (A) ∈ AlgO
C
(M) to the subcategory of “nice” spacetimes C. In
this sense, j-local objects should be interpreted as quantum field theories that satisfy a local-to-
global property, which is similar to the one in factorization homology [AF15, LurHA]. Corollary
4.8 states that the category of quantum field theories that satisfy this local-to-global property
is equivalent to the category AlgO
C
(M) of quantum field theories that are defined only on the
subcategory C of “nice” spacetimes. These techniques in particular apply to spacetimes with
boundaries, in which case such adjunctions provide interesting insights into boundary conditions
for quantum field theories, see [BDS18]. △
4.4 Orthogonal equivalences
We introduce a suitable notion of equivalence F : C→ D between orthogonal categories. We then
show that the adjunction (4.1) induced by an orthogonal equivalence F is an adjoint equivalence
between the associated categories of algebras. In the terminology of [KM01], this means that the
Op-morphism OF : OC → OD is a Morita equivalence.
Definition 4.10. An orthogonal functor F : C → D is called an orthogonal equivalence if the
following two properties hold true: (1) F : C → D is an equivalence of small categories, i.e. a
fully faithful and essentially surjective functor, and (2) F ∗(⊥D) =⊥C.
Theorem 4.11. Let F : C → D be an orthogonal equivalence. Then the induced adjunction
(4.1) is an adjoint equivalence
OF ! : AlgO
C
(M) ∼
//
AlgO
D
(M) : O∗Foo . (4.15)
Proof. Let us first consider the special case where the functor F : C → D is also injective on
objects. Then the unit of the adjunction (4.1) is a natural isomorphism because of Proposition
4.6. We now show that the counit is a natural isomorphism too. Notice that there is the following
chain of natural isomorphisms
OF !O
∗
F
∼= pD! LanF p
∗
C
O∗F = pD! LanF F
∗ p∗
D
∼= pD! p
∗
D
∼= idAlgO
D
(M) . (4.16)
In the first step we used Proposition 4.3 and in the second step we used that the square of right
adjoints in (4.4) commutes. In step three we used that F : C → D is an equivalence of small
categories, which implies that the pullback functor F ∗ is fully faithful and hence that the counit
LanF F
∗ → idAlg(M)D of the adjunction (4.2) is a natural isomorphism. The last step follows
from Lemma 4.1. The dual of [JM89, Lemma 1.3] allows us to conclude from (4.16) that the
counit ǫ is a natural isomorphism.
The general case can be reduced to the special case above by the following argument: Let
us choose a skeleton C′ ⊆ C, with embedding functor denoted by j : C′ → C, and define
C
′
:= (C′, j∗(⊥C)). Note that C
′
is a full orthogonal subcategory of C. One easily confirms
that both j : C
′
→ C and F j : C
′
→ D are orthogonal equivalences that are injective on
objects. Our results above then imply that both F j and j induce adjoint equivalences between the
associated categories of algebras. To complete the proof, we notice that the 2-out-of-3 property of
equivalences of categories and Remark 2.12 implies that also F induces an adjoint equivalence.
Remark 4.12. The practical relevance of this result is the following: Recall from the examples
in Section 3.5 that one is often interested in studying quantum field theories which are defined
on an orthogonal category that is only essentially small. To avoid set theoretic issues, one has
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to replace such orthogonal categories by equivalent small orthogonal categories, whose choice is
typically not unique. Different choices in general define non-isomorphic colored operads which,
however, are Morita-equivalent because of Theorem 4.11, i.e. the associated categories of algebras
are naturally equivalent. The practical implication is that the category of quantum field theories
does not depend on the choice of a small model for the orthogonal category of interest. △
4.5 Right adjoints and orbifoldization
Given an orthogonal functor F : C → D, our focus so far was on the induced adjunction (4.1)
where the pullback O∗F is a right adjoint functor and OF ! is its left adjoint. Forgetting for
the moment the orthogonality relations on our categories, this reduces to the adjunction (4.2)
obtained by left Kan extension. Because the underlying base category M is by hypothesis also
complete, there exists another adjunction (obtained by right Kan extension)
F ∗ : Alg(M)D // Alg(M)C : RanFoo , (4.17)
where F ∗ is the left adjoint. It is natural to ask whether also the functor O∗F : AlgO
D
(M) →
AlgO
C
(M) admits a right adjoint. In general, this is not the case due to the following
Example 4.13. Consider the category {∗} consisting of one object ∗ and its identity morphism
id∗. On this category there exist two different orthogonality relations ⊥min= ∅ and ⊥max=
{(id∗, id∗)}. By Theorem 3.16, we obtain
AlgO({∗},⊥min)
(M) ∼= Alg(M) , AlgO({∗},⊥max)(M)
∼= CAlg(M) , (4.18)
where CAlg(M) is the category of commutative, associative and unital algebras in M. The
orthogonal functor ({∗},⊥min)→ ({∗},⊥max) induces the adjunction
Ab : Alg(M) // CAlg(M) : Uoo . (4.19)
The right adjoint U is the functor forgetting commutativity and the left adjoint Ab is the abelian-
ization of algebras inM. Since U fails to preserve coproducts, it can not be a left adjoint functor.
This implies that O∗F : AlgO
D
(M)→ AlgO
C
(M) does not always admit a right adjoint. ▽
We now consider a special situation where it turns out that the functor O∗F does admit a right
adjoint. The motivation for this scenario comes from orbifoldization, which is the procedure of
assigning to quantum field theories with group (or groupoid) actions their corresponding invari-
ants [DVVV89]. Such constructions were studied by [BS17, BSW18b] in the context of algebraic
quantum field theory and by [SW19] in the context of topological quantum field theory. It is
important to stress that the procedure of taking invariants is formalized by categorical limits and
hence is related to right adjoints of the functor O∗F .
Our scenario is as follows: Let D = (D,⊥) be an orthogonal category and F : C → D a
category fibered in groupoids overD, see e.g. [BS17] for a definition. We equipC with the pullback
orthogonality relation F ∗(⊥) and call the resulting orthogonal functor F : C := (C, F ∗(⊥))→ D
an orthogonal category fibered in groupoids.
Proposition 4.14. Let F : C → D be an orthogonal category fibered in groupoids. Then the
pullback functor O∗F : AlgO
D
(M)→ AlgO
C
(M) has a right adjoint, i.e. there is an adjunction
O∗F : AlgO
D
(M) // AlgO
C
(M) : OF ∗oo . (4.20)
We call the right adjoint OF ∗ the orbifoldization functor.
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Proof. In [BS17, Theorem 4.3] it was shown that under our hypotheses the right Kan extension
RanF : Alg(M)
C → Alg(M)D preserves ⊥-commutativity. Using Lemma 4.1, this implies the
existence of a unique functor OF ∗ : AlgO
C
(M) → AlgO
D
(M) such that RanF p
∗
C
= p∗
D
OF ∗.
It remains to show that OF ∗ is the right adjoint of O
∗
F . Given any A ∈ AlgO
C
(M) and B ∈
AlgO
D
(M), there is the following chain of natural bijections of Hom-sets
AlgO
D
(M)
(
B,OF ∗(A)
)
∼= Alg(M)D
(
p∗
D
(B), p∗
D
OF ∗(A)
)
∼= Alg(M)D
(
p∗
D
(B),RanF p
∗
C
(A)
)
∼= Alg(M)C
(
F ∗ p∗
D
(B), p∗
C
(A)
)
∼= Alg(M)C
(
p∗
C
O∗F (B), p
∗
C
(A)
)
∼= AlgO
C
(M)
(
O∗F (B), A
)
. (4.21)
In the first and last step we used Lemma 4.1 and in step four we used that the square formed by
the right adjoints in (4.4) commutes. This proves that OF ∗ is the right adjoint of O
∗
F .
5 Comparison to Fredenhagen’s universal algebra
In [Fre90, Fre93, FRS92], Fredenhagen studied extensions of quantum field theories that are
defined only on certain open subsets U ⊆M of a spacetime manifoldM to the whole ofM . It was
later recognized by Lang in his PhD thesis [Lan14] that this extension may be formalized as a left
Kan extension of the functor underlying the quantum field theory. In our notation and language,
Fredenhagen’s universal algebra construction can be formalized as follows: Let D = (D,⊥) ∈
OrthCat be an orthogonal category. Let C = (C, j∗(⊥)) be a full orthogonal subcategory
(cf. Section 4.3) with orthogonal embedding functor denoted by j : C → D. Fredenhagen’s
universal algebra construction [Fre90, Fre93, FRS92, Lan14] assigns to a quantum field theory
A ∈ AlgO
C
(M) on C the algebra-valued functor
Lanj p
∗
C
(A) ∈ Alg(M)D (5.1)
on the category D. Notice that the construction (5.1) consists of two steps: First, one applies the
functor p∗
C
: AlgO
C
(M) → Alg(M)C that forgets ⊥-commutativity, assigning to the quantum
field theory A ∈ AlgO
C
(M) its underlying algebra-valued functor p∗
C
(A) ∈ Alg(M)C on C. In
the second step this underlying functor is extended from C to D via left Kan extension along the
embedding functor j : C→ D.
A potential weakness of this construction is that it is unclear whether the extended functor
(5.1) satisfies the ⊥-commutativity axiom on D, i.e. whether it is a bona fide quantum field
theory in the sense of an object in AlgO
D
(M). This weakness does not appear in our operadic
construction explained in Section 4.3. Concretely, instead of using (5.1) to extend the quantum
field theory A ∈ AlgO
C
(M) from C to D, we use the left adjoint in (4.10) to assign
Oj !(A) ∈ AlgOD(M) . (5.2)
By construction, our extended theory satisfies the ⊥-commutativity axiom on D, i.e. it is a bona
fide quantum field theory. The aim of this section is to compare our construction (5.2) to the
construction (5.1) of Fredenhagen and Lang. Our first result is that whenever (5.1) satisfies the
⊥-commutativity axiom on D, then it agrees with our construction (5.2).
Proposition 5.1. Let A ∈ AlgO
C
(M) be such that Lanj p
∗
C
(A) ∈ Alg(M)D is ⊥-commutative
on D. Then there exists an isomorphism
Lanj p
∗
C
(A) ∼= p∗
D
Oj !(A) (5.3)
in Alg(M)D.
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Proof. By Lemma 4.1, we know that AlgO
D
(M) is a full reflective subcategory of Alg(M)D.
Because Lanj p
∗
C
(A) ∈ Alg(M)D satisfies by hypothesis the ⊥-commutativity axiom, it follows
that there exists Â ∈ AlgO
C
(M) such that p∗
D
(Â) ∼= Lanj p
∗
C
(A). Applying pD! we obtain
Â ∼= pD! p
∗
D
(Â) ∼= pD! Lanj p
∗
C
(A) ∼= Oj !(A) (5.4)
in AlgO
D
(M), where in the first step we used that the counit of the adjunction p
D!
⊣ p∗
D
is a
natural isomorphism (cf. Lemma 4.1) and in the last step we used Proposition 4.3.
It thus remains to understand whether (5.1) does satisfy the ⊥-commutativity axiom. Our
strategy to address this question is to compute explicitly the functor (5.1) by using the operadic
techniques from Section 2.2. To simplify the presentation, we assume that the underlying base
category M is concrete and that the monoidal unit I 6∼= ∅ is not isomorphic to the initial object.
For example, we could take M = VecK. This allows us to think of the objects in M as sets with
additional structures and of the morphisms as structure preserving functions. In particular, we
can perform element-wise computations. (Using the concept of generalized elements, there is no
need to assume that M is concrete. However, we decided to add this reasonable assumption to
make our presentation more transparent.)
The problem of computing left Kan extensions can be addressed within our operadic formal-
ism. Recalling from Remark 3.17 that Alg(M)E ∼= AlgOE(M) for any small category E, we may
describe algebra-valued functors in terms of algebras over our auxiliary operad OE, see Definition
3.6. The left Kan extension Lanj : Alg(M)
C → Alg(M)D is then identified with the left adjoint
of the adjunction
Oj ! : AlgOC(M)
//
AlgOD(M) : O
∗
joo , (5.5)
which is induced by applying Theorem 2.10 to the Op-morphism Oj : OC → OD between our
auxiliary operads (cf. Proposition 3.11). Using Propositions 2.11 and 2.9, we obtain that the left
Kan extension of an algebra-valued functor B ∈ Alg(M)C can be computed by the point-wise
reflexive coequalizer
Lanj(B)d = colim
(
FOD j! FOC (B)d
∂0 //
∂1
// FOD j!(B)d
)
(5.6)
in M. Explicitly, using (2.4) and that j : C→ D is an inclusion on the sets of objects, we obtain
FOD j!(B)d
∼=
∫ c
OD
(
d
c
)
⊗Bc ∼=
∐
c
D(c, d) ⊗Bc , (5.7)
where we denote the objects of the subcategory C ⊆ D by c’s and generic objects of D by d’s and
D(c, d) :=
∏
iD(ci, d). Notice that in the last step we used that the equivalence classes induced
by the coend admit unique representatives, that we denote by
g ⊗ b ∈ FOD j!(B)d , (5.8)
for g ∈ D(c, d) and b ∈ Bc. The algebra structure on FOD j!(B)d is given by
µd
(
(g ⊗ b)⊗ (g′ ⊗ b′)
)
= (g, g′)⊗ b⊗ b′ , 1d = ∗ ∈ D(∅, d) , (5.9)
where (g, g′) := (g1, . . . , gn, g
′
1, . . . , g
′
m) is the concatenation of g and g
′. The other object
FOD j! FOC (B)d and the morphisms ∂0, ∂1 in (5.6) can be computed similarly. The result is
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Lemma 5.2. The functor Lanj(B) : D→ Alg(M) has the following explicit description: To an
object d ∈ D, it assigns the algebra
Lanj(B)d = FOD j!(B)d
/
∼ (5.10a)
given by implementing the equivalence relation
g(f
1
, . . . , f
n
)⊗ b1 ⊗ · · · ⊗ bn ∼ g ⊗B(f1)(b1)⊗ · · · ⊗B(fn)(bn) , (5.10b)
for all g ∈ D(c, d) with c = (c1, . . . , cn) and f i ∈ C(ci, ci), bi ∈ Bci , for i = 1, . . . , n. Here
g(f
1
, . . . , f
n
) is defined in (3.6) and the n-fold product B(f)(b) := B(f1)(b1) · · · B(fn)(bn) is
defined by the algebra-valued functor B : C → Alg(M). The algebra structure in (5.9) descends
to (5.10). Furthermore, to a D-morphism h : d→ d′, Lanj(B) assigns the Alg(M)-morphism
Lanj(B)(h) : Lanj(B)d −→ Lanj(B)d′ ,
[
g ⊗ b
]
7−→
[
h(g)⊗ b
]
. (5.11)
We can now answer the question when (5.1) satisfies the ⊥-commutativity axiom. For this it
will be useful to introduce the following terminology.
Definition 5.3. We say that an object d ∈ D is j-closed if, for every pair of orthogonal morphisms
(g1 : c1 → d) ⊥ (g2 : c2 → d) with target d and sources c1, c2 ∈ C, there exist a morphism g : c→ d
with c ∈ C and (f1 : c1 → c) ⊥ (f2 : c2 → c) such that the diagram
d
c1
g1
;;✇✇✇✇✇✇✇✇✇
f1
//❴❴❴❴ c
g
OO✤
✤
✤
c2
g2
cc●●●●●●●●●
f2
oo❴ ❴ ❴ ❴
(5.12)
in D commutes.
Theorem 5.4. Lanj p
∗
C
(A) ∈ Alg(M)D is ⊥-commutative over d ∈ D, for all A ∈ AlgO
C
(M),
if and only if d is j-closed.
Proof. Let us first prove the direction “⇐”: We have to show that A˜ := Lanj p
∗
C
(A) ∈ Alg(M)D
is ⊥-commutative over d, i.e. that, for all (h1 : d1 → d) ⊥ (h2 : d2 → d) with target d,
µd
(
A˜(h1)
(
a˜1
)
⊗ A˜(h2)
(
a˜2
))
= µopd
(
A˜(h1)
(
a˜1
)
⊗ A˜(h2)
(
a˜2
))
, (5.13)
for all a˜i ∈ A˜di , i = 1, 2. Using Lemma 5.2, this condition explicitly reads as[(
h1(g1), h2(g2)
)
⊗ a1 ⊗ a2
]
=
[(
h2(g2), h1(g1)
)
⊗ τ(a1 ⊗ a2)
]
, (5.14)
for all g
i
⊗ai ∈
∐
cD(c, di)⊗Ac, i = 1, 2, where τ is the symmetric braiding of M. It is sufficient
to prove (5.14) for elements gi⊗ai ∈ D(ci, di)⊗Aci , i = 1, 2, of length 1; the general case follows
from this by iteration. Because by assumption h1 ⊥ h2, it follows from composition stability of
⊥ that (h1 g1 : c1 → d) ⊥ (h2 g2 : c2 → d). Using further that d is by hypothesis j-closed, we find
g : c→ d in D and (f1 : c1 → c) ⊥ (f2 : c2 → c) in C, such that (h1 g1, h2 g2) = (g f1, g f2). Using
the relations in (5.10), we obtain[(
h1 g1, h2 g2
)
⊗ a1 ⊗ a2
]
=
[
g(f1, f2)⊗ a1 ⊗ a2
]
=
[
g ⊗ µc
(
A(f1)(a1)⊗A(f2)(a2)
)]
=
[
g ⊗ µopc
(
A(f1)(a1)⊗A(f2)(a2)
)]
=
[
g(f2, f1)⊗ τ(a1 ⊗ a2)
]
=
[(
h2 g2, h1 g1
)
⊗ τ(a1 ⊗ a2)
]
, (5.15)
where in the third step we used that A is ⊥-commutative on C.
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We now prove “⇒”: Let (g1 : c1 → d) ⊥ (g2 : c2 → d) be any orthogonal pair of morphisms.
Our strategy is to construct an object A ∈ AlgO
C
(M) such that ⊥-commutativity of Lanj p
∗
C
(A)
implies the existence of a factorization as in Definition 5.3. We define X ∈ MC0 as follows: If
c1 = c2, we set Xc1 := I ⊔ I and Xc := ∅, for c ∈ C0 \ {c1}; otherwise, we set Xc1 := I, Xc2 := I
and Xc := ∅, for c ∈ C0 \ {c1, c2}. Because we assume that I 6∼= ∅, there exists an element
x1 ∈ Xc1 and an element x2 ∈ Xc2 , such that x1 and x2 are different in the case of c1 = c2. Let us
consider the free OC-algebra A := FOC(X) ∈ AlgOC(M) and note that x1 ∈ Ac1 and x2 ∈ Ac2
are generators. Because Lanj p
∗
C
(A) is by hypothesis ⊥-commutative over d ∈ D, it follows that[
(g1, g2)⊗ x1 ⊗ x2
]
=
[
(g2, g1)⊗ τ(x1 ⊗ x2)
]
, (5.16)
where (g1 : c1 → d) ⊥ (g2 : c2 → d) is the given orthogonal pair of morphisms. Using the
equivalence relation (5.10) and that x1, x2 are two distinct generators of the free OC-algebra
A, one observes that this equality of equivalence classes can only hold true if both sides admit
a representative of length 1, i.e. with only one tensor factor in A. Hence, there must exist a
factorization (g1, g2) = (g f1, g f2) with fi : ci → c in C, for i = 1, 2, and g : c → d in D. This
yields the equality[
g ⊗ µc
(
A(f1)(x1)⊗A(f2)(x2)
)]
=
[
g ⊗ µopc
(
A(f1)(x1)⊗A(f2)(x2)
)]
, (5.17)
which ensures the existence of a further factorization g = g′ f ′ with f ′ : c→ c′ in C and g′ : c′ → d
in D such that (f ′ f1, f
′ f2
)
∈ j∗(⊥).
Let us denote by D′ ⊆ D the full subcategory of j-closed objects. Notice that every object
c ∈ C is j-closed, hence C ⊆ D′. Equipping D′ with the pullback orthogonality relation, we
obtain a factorization of j : C→ D into two full orthogonal subcategory embeddings j′ : C→ D
′
and j′′ : D
′
→ D. Combining Theorem 5.4 and Proposition 5.1, we obtain
Corollary 5.5. Let D
′
be the full orthogonal subcategory of j-closed objects in D and consider
the full orthogonal subcategory embedding j′ : C→ D
′
. Then there exists a natural isomorphism
Lanj′ p
∗
C
∼= p∗
D
′ Oj′ ! . (5.18)
We conclude this section by providing examples and counterexamples of j-closed objects in
the context of the examples discussed in Section 3.5.
Example 5.6. In the context of Example 3.21, consider the full orthogonal subcategory j :
Loc⋄ → Loc of diamond spacetimes U, whose underlying manifold is diffeomorphic to R
m.
This scenario has been studied in [Lan14]. We first notice that every disconnected spacetime
M ∈ Loc is not j-closed: Two embeddings g1 : U1 → M and g2 : U2 → M of diamonds
into different connected components of M are clearly orthogonal, g1 ⊥ g2, however they do not
factorize through a common diamond g : U → M. Hence, Fredenhagen’s universal algebra (5.1)
in general fails to produce functors that are ⊥-commutative over disconnected spacetimes and
our construction (5.2) solves this issue. On the other hand, objects M ∈ Loc whose underlying
manifold is diffeomorphic to R × Sm−1 are j-closed: Given two causally disjoint embeddings
g1 : U1 → M and g2 : U2 → M of diamonds, g1 ⊥ g2, they factorize through the diamond
inclusion g : U→M, where U is defined by restricting M to the globally hyperbolic open subset
U = M \ JM({x}) ∼= R
m for some x ∈ M \ JM(g1(U1) ∪ g2(U2)). A complete characterization
of the j-closed objects in Loc seems to be rather complicated and is beyond the scope of this
article. Similar conclusions can be obtained also in the context of chiral conformal and Euclidean
field theories. ▽
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